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ABSTRACT
Permeability distribution in reservoirs is very important for the flow ofwater or oil and
gas. In this study, the effects of various heterogeneous permeability distributions on
the flow field are simulated using the finite difference technique. We have simulated
the flow for two types of heterogeneous distributions, one is Gaussian and the other is
self-similar or fractal, the latter being much rougher than the former. The results show
that the flow is not sensitive to the roughness of the distribution. In the case of lineated
heterogeneities, anisotropy in the flow properties occurs. The anisotropy is not very
significant if the lineated highly permeable regions are surrounded by less permeable
regions. However, in the case of lineated fractures, where the background permeability
is small, the flow is very sensitive to the direction of the lineation, such anisotropy can
produce orders of magnitude difference in permeability. Furthermore, it is shown that
the degree of anisotropy depends on the connectivity of the fractures. The anisotropy
decreases with decreasing connectivity.
INTRODUCTION
The transport properties of fluids in reservoirs are controlled by the permeability of
the medium. Due to the complexity of geological structures, the distribution of the
permeability is usually heterogeneous. The situation becomes more complicated when
the reservoir contains numerous aligned structures such as microcracks, fractures, joints,
and faults. In the presence of the aligned structures, anisotropy in permeability usually
occurs because fluid flow takes place preferentially in the direction of alignment. The
purpose of this study is to investigate the effects of these heterogeneous and aligned
structures on the transport properties of the porous media containing these structures.
Because of the importance of heterogeneity of permeability distribution, considerable
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effort has been placed on the numerical modeling. Brown (1987, 1989) has modeled the
transport properties of rock joints with surface roughness, in which he assumed that the
local permeability of the joint is controlled by the aperture of the local distance between
the two rough surfaces. Because the aperture varies with the roughness throughout the
joint, the distribution of permeability is heterogeneous over the joint. Recently, by
applying the method of cellular-automata to modeling fluid flow in arbitrarily heteroge-
neous porous media, Rothman (1988) has successfully modeled the fluid flow in porous
media and confirmed the validity of Darcy's law for the heterogeneous media. In most
reservoirs the fractures contribute significantly to the permeability and flow of water or
oil and gas. Long and Witherspoon (1985) modeled the flow system in terms of frac-
ture network and discussed the effects of connectivity on permeability. In the cases of
aligned fractures, the permeability will depend on the direction of alignment, resulting
in anisotropy of fluid flow. Gibson and Toksoz (1990) showed that, when the fractures
are preferentially aligned in one particular direction (this would result from the pref-
erential closure of cracks subjected to a uniaxial stress), the permeability of such an
aligned fracture system varies as a function of the orientation with respect to the align-
ment. One of the major goals of this study is to numerically test whether or not such
alignment of flow channels would result in significant permeability anisotropy and how
this anisotropy varies with fracture orientation and connectivity.
In this study, we will apply a finite difference technique to model the flow in porous
media. This technique can handle heterogeneities quite easily. We then describe the
technique that can generate heterogeneities which can have preferential alignment. We
will model fluid flow in various heterogeneous and aligned structures and measure the
degree of anisotropy.
THEORETICAL FORMULATION AND NUMERICAL
IMPLEMENTATION
In nearly all applications, fluid flow in porous media is assumed to be laminar and is
governed by the Darcy's law (Bear, 1972).
_ k p
q = -- 'V ,
J1.
(1)
where qis the volume flow rate through unit area, k is permeability, J1. is fluid viscosity,
and 'VP is pressure gradient. The flow is governed by equation of continuity,
{)
{)t(Pif» + 'V. (pqj = 0 ,
where if> is the porosity of the medium, and p is the fluid density.
(2)
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Let p = po(1 + ~), where P is fluid pressure and Kf is the fluid compressibility.
Kf
Substituting Eq. (1) into Eq. (2) and assuming that PIKf «1, we have
oP7ft = \1' (a \1 P) , (3)
where a = '¢t is the pore fluid diffusivity that can vary spatially when the pe=eability
k is heterogeneous. In most reservoir applications, we deal with a pressure field that is
steady over time, i.e., a;; = O. In this case, Eq. (3) becomes
(4)
In this study, we are concerned with the two dimensional (2-D) case, Le., :z = O. Thus,
Eq. (4) can be written as
a [ OP] a [ OP]ax a(x,y)ox +Oy a(x,y)OY =0.
Accordingly, Darcy's law in the 2-D case is
{
qx = -~~~
koP
qy = -Ji. oy
(5)
(6)
Using these equations, we study the fluid flow through a 2-D rectangular grid of
length Xo and width Yo. Fluid pressure is held constant along two opposite sides (x = 0
and x = xo). A pressure gradient is set up across the area by setting the pressure on
each side to different values. We assume that the other two sides are sealed so that the
pressure gradient perpendicular to these sides is set to zero.
Finite Difference Implementation
We use the finite difference technique to solve Eq. (5). Discretizing the rectangular
domain Xo x Yo into M x N grids, we have
{
X =
y =
mf>x
nf>y
m = 0,1,2"" ,M-1
n = 0,1,2,···, N - 1 (7)
and
am,n = a(mf>x, nf>y) . (8)
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Using the forward difference, Eq. (5) can be written as
where
1
Al = D:m+l,n + D:m,n
A2 = Q!m,n + am-l,n
As = (}:m,n+l + am,n
A4 = O:'m,n + 0m,n-l
(10)
and d = ~~~. This results in M x N simultaneous equations. Because M and N can
be large, direct solutions using the matrix inversion technique are costly and iteration
methods are often used for the solution of Eq. (9). A simple iterative procedure can be
constructed based on Eq. (9):
p:.;,; = Al + A2 +~(A3 + A4 ) [AIP:'+l,n + A2P:'_ I,n + dA3P:',n+l + dA4 P:',n_l](11)
The grids for this iteration scheme are shown in Figure 1a. The iteration begins by
assigning an arbitrary pressure distribution over the area. Eq., (11) is then used to
iterate until convergence is achieved. In the iteration for the boundary points, boundary
conditions are always used.
The Gauss-Seidel method (Ferziger, 1981) can be used to accelerate the iteration.
This consists of changing Eq. (11) into
P:';,; = Al + A2 +1d(A3 + A4 ) [AIP:'+l,n + A2P:'~tn + dA3P:',n+l + dA4 P:';LI]
(12)
The grids for this iteration are shown in Figure lb. Compared with Figure la, this
iteration makes use of the results of two neighboring points obtained from the current
step (if the iteration starts from left to right and from bottom to top). Because the
results of the current step are generally closer to the true results than the results of the
previous step, the Gaussian-Seidel iteration converges faster than the simple iteration
(Eq. 11). The convergence can further be accelerated by using the successive over-
relaxation (SOR) technique (Ferziger, 1981), as given by the following formula:
P:';,; = wQ(m, n, k) + (1 - w)P:',n , (13)
where Q(m,n,k) is an expression given by Eq. (12), and w is the optimum relaxation
constant given by
2
Wopt = -l-+-"';--=i=-=I='\=r:l ' (14)
where
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A= Hcos ~ + cos ;) . (15)
The SOR technique is much more faster than the simple iteration (Eq.ll) (Ferziger,
1981). Using the algorithm of iterative procedure, the finite difference system (Eq. 9)
can be solved fast and efficiently.
GENERATION OF HETEROGENEOUS AND ANISOTROPIC
POROUS MEDIA
In this section, we describe the technique for generating the heterogeneous and anisotropic
function a(x, y) for the porous media. Because
k(x,y) I<f
a= ,¢(x,y) J1. (16)
we see that a heterogeneous a(x, y) can result from the heterogeneity of both k and ¢.
However, since k and ¢ are closely related (Scheidegger, 1974) the heterogeneities of k
and ¢ have the same origin, and the heterogeneity of k can be characterized by that of
a.
The stochastic model used in this study is a stationary Gaussian random field with
mean "6 and standard deviation a. The spatial auto-correlation function of the random
field is
c ..(x) =< c(xi)c(xi + x) > (17)
(18)
(19)
where < -- > is the expected value and x is the lag vector or spatial offset. The power
spectrum of the Gaussian field c(x, y) is the Fourier transform of the correlation function
(Bracewell, 1978), and its phase spectrum is a random process uniformly distributed
between 0 and 271" (Priestly, 1981). In this study, we use two correlation functions
C..(X) = e-f2
C..(x) = Ko(i')
where e-f2 is a Gaussian function and Ko(f), the zero order modified Bessel function,
represents the zero order von-Karman correlation function (Frankel and Clayton, 1986,
Charrett, 1991), f is a dimensionless norm. In the case of isotropic distribution, f is
(20)
where a is the correlation length of the heterogeneities. As shown in Frankel and Clay-
ton (1986), the wave number spectrum of the Gaussian function decays rapidly with
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wavenumber. Thus the Gaussian heterogeneity lacks high frequency components, and
the heterogeneities are smooth. The spectrum of von-Karman function decays with
wavenumber kr as k;:2 (or k-1=f!?-, where D is fractal dimension, Brown, 1987), giving
a fractal dimension of D = 2.5. This represents a self-similar distribution for the het-
erogeneities (Frankel and Clayton, 1986). The case of anisotropy can be modeled by
introducing two different correlation lengths al and a2. The azimuthal variation can be
expressed in terms of the ellipsoidal nonn
rex) = (x cos B+ y sin B)2 + ~(y~co.:.;s:..:B~-,;.x:..:s_in_B!-)2ay a~ (21)
where B is the angle between the vector x and the x axis. With the use of this dimension-
less norm, Eq. (18) or (19) defines an elliptically-shaped 2-D correlation function, whose
semi-major axis is aligned in Bdirection, and the semi-axes are al and a2, respectively,
yielding an aspect ratio aI/a2 for the lineation of the heterogeneities. Figure 2 shows the
examples of the isotropic (a) and lineated (anisotropic) (b) correlation functions calcu-
lated using the Gaussian function (Eq. 18). In the anisotropic case, B= 45°, al = 5a2.
The 2-D heterogeneities are generated by filtering a 2-D random distribution in which
the 2-D correlation function of a given type (Gaussian or fractal) and given parameters
(al,a2, and B) is used as the 2-D filter. The examples of the generated heterogeneities
will be given in the next section together with the numerical flow simulation examples.
NUMERICAL RESULTS
The major purpose of these simulations is to study the effects of heterogeneities on
the flow through porous media. The flow simulations are done as follows. In the first,
the distribution of the fluid diffusivity a(x, y) is generated over the rectangular area
o < x < xo, 0 < Y < Yo. For the given a(x, y) and the boundary conditions, the
pressure field P(x, y) is computed by solving the finite difference equation (Eq. 9) using
the SOR iterative procedure.
The pressure field is differentiated and used in the Darcy's law to calculate the local
volume flow rate vectors, whose components are the terms given in Eq. (6). Plots of
these vectors represent the flow field in the 2-D porous medium. The total flow across
the x = Xo boundary is given by
{YO
Qx = J
o
qx(xo,y)dy
The total flow is divided by Yo to give the flow per unit length
7f.x = Qx/YO .
(22)
(23)
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The effective permeability k of the 2-D medium can be measured using the Darcy's law
(Eq.6)
k t:lP
q", = -p. Xo (24)
where t:lP is the difference between the pressures at the two ends of the 2-D model, and
t:lP/ Xo represents the macroscopic pressure gradient across the model length xo parallel
to the no-flow boundaries. In all cases of this study, we assume that the pore fluid is
water with J1. = 1.14 x 1O-3(Pa s) and K,f = 2.25GPa.
Isotropic Distribution
We first study the effects of different heterogeneities on the flow and the effective per-
meability k of the medium. Figure 3 plots two distributions of a(x, y); one is Gaussian
(Figure 3a), the other is self-similar (Figure 3c). The distributions are isotropic and
have the same correlation lengths a = 3. The model lengths are Xo = YO = 128.
The fractal distribution (self-similar) is much rougher than the Gaussian distribu-
tion. The simulated flow for the two cases is shown in Figures 3b and d. Although the
two heterogeneous distributions modify the flow, the difference between the two flow
fields is minimal. Figure 4 shows the average flow versus pressure gradient calculated
using Eq. (24) for a number of t:lP values. The slope of the line gives the average
permeability k. It can be seen that Darcy's law still holds despite the heterogeneities
and that the average permeabilities for the two distributions are very close, although
the fractal result shows slightly higher k values. This result shows that the total flow
is not very sensitive to the details of the heterogeneous distribution (i.e., roughness of
the fractal distribution). This agrees with the result obtained by Brown (1987), who
showed that the total flow through a joint does not vary significantly with the fractal
dimension used to characterize the joint roughness. However, this conclusion is valid
only when the correlation length is small compared with the model length. When the
ratio of the two lengths a/xo increases, the difference between the k values of the two
distributions will increase. Figures 5a and b show the flow versus pressure gradient
for two successively larger a/xo ratios, a/xo = 0.047 (Figure 5a), and a/xo = 0.078
(Figure 5b) (a/xo = 0.023 in Figure 4). The permeability difference for the two cases
at t:lP = 100Pa is about 4% and 9%, respectively (it is only 1% in Figure 4).
Aligned Distribution
Using the ellipsoidal norm given in Eq. (21), we can generate aligned distribution for
the heterogeneities. In an example shown in Figures 6a, c, and e, we use the same
parameters (e, a, xo, Yo, etc.) as those in the previous isotropic case. The correlation
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lengths in the semi-major axial and semi-minor axial directions are al = 20 and a2 = 2,
respectively. The correlation function is Gaussian (Eq. 18). For e= 0°, e= 45°, and
e = 90°, we have calculated the flow fields as shown in Figures 6b, d, and f. Because
of the contrast in permeability, the flow tends to channel through high permeability
regions. This is clearly shown in the e= 45° case, where the lineation of high and low
permeability strips makes the flow field have a trend to deflect towards the lineation of
the high permeability region. Figure 7 shows the calculated average flow versus e. The
permeability is the maximum along e= 0°, and becomes minimum along e= 90°; the
anisotropy for this case is about 10%. For comparison, the case of isotropic Gaussian
(a = 20) is also shown (solid line). By varying the correlation lengths al and a2, the
degree of anisotropy cannot significantly exceed this value. This is due to the random
medium model used here. In this model, a region with moderate and low permeabilities
is sandwiched between two adjacent high permeability regions. Therefore, flow can
always cross the less permeable region without having to flow around the region. Thus,
due to the presence of background permeability (small as it is), the lineation of random
heterogeneities cannot result in anisotropic permeabilities that are an order of magnitude
different. In order to produce such a strong permeability anisotropy, the background
permeability must be removed. This will be the case of fractures studied in the following
section.
Aligned Fracture Model
Since fractures could contribute significantly to the reservoir permeability, it is impor-
tant to model the effects of fracture permeability. As shown by Gibson and Toks6z
(1990), a primary effect of fracture is anisotropy in permeability. Because of the align-
ment of fractures, the permeability can vary with orientation by orders of magnitude.
The primary interest of this section is to model the effects of fractures on the flow fields.
The major features of fracture flnid flow are that the background has negligible perme-
ability, and that the flow is highly concentrated along the fractures. This situation can
be modeled using the random medium model as follows. We choose the aspect ratio
aI/a2 »1, so that the heterogeneities are highly lineated. In order to remove the
background permeability, we set a threshold, say 60% of the maximum [a(x,y)]. The
values of a(x, y) that are smaller than this threshold are set to a very small number
(this number cannot be set to zero in order to avoid division by zero errors, see Eq. 12),
and values greater than the threshold are kept unchanged. Figures 8a, c, and e show
the a(x, y) distributions that resemble a natural fracture network. The permeability
contrast between the fracture and the background is 600:1. Although the background
permeability may still be large compared to typical fractured rocks (granite, limestone,
etc.), the highly conductive channels (fractures) conduct most of the flow so that the
background flow is small. In this way, the flow in the fracture network is simulated.
The calculated flow field along and perpendicular to the fracture alignment is shown in
i
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Figures 8b, d, and f. The flow patterns for the three orientations are quite different. As
expected, the flow is highly channeled along fractures. The connectivity of the fractures
plays a very important role controlling the flow fleld. As shown in these figures, frac-
tures that are not connected with the flow source (the x = 0 and x = XQ boundaries)
have very little flow, while fractures connected with the boundaries conduct most of
the flow. For the (J = 900 case (Figure 8f), the flow has to wind around the junctions
of the fractures. While in the (J = 00 case, flow takes place along the straight channel.
This results in significant permeability difference for the two cases. We have performed
the calculation for various orientations. The calculated average flow as a function of
the orientation (J is shown in Figure 9. In this figure, the permeability is maximum
along fractures and minimum perpendicular to them, the same as in the previous case
of aligned heterogeneities. However, the permeability difference between (J = 00 and
(J = 900 is 184% in the previous case. This numerical modeling result confirms the
prediction of Gibson and Toksoz (1990) that aligned fractures can have very significant
anisotropy.
In the above example, the correlation length at in the lineation direction is compa-
rable to the model length, as in the case assumed by Gibson and Toksoz (1990). In the
field, fractures between two wells have limited extent, and the fractures may not be well
connected. Long and Witherspoon (1985) pointed out the importance of connectivity on
permeability. Here we model how the anisotropy of permeability changes when the con-
nectivity decreases. We first generate the lineated heterogeneities with at = 5, a2 = 1;
the model length is 128. The lineated fractures are shown in Figure 9. Compared with
the fracture system shown in Figure 8, fractures in this case have a much lower degree
of ·connectivity. Figures lOb, d, and f show the flow fields for (J = 00 , (J = 450 , and
(J = 900 cases. For (j = 00 , the average permeability is only 25 mD, much decreased
from the well connected case of Figure 9, in which the average permeability at (J = 00
is about 2.5D. Because of the decreased connectivity due to shorter fracture lengths,
flow can take a "shorter cut" winding around fractures in the (J = 900 case. As a result,
anisotropy is not as significant as the well connected case of Figure 9. Figure 11 shows
the calculated average flow versus (J. The anisotropy is still present, but the difference
between (J = 00 and (J = 900 is now about 87%, much lower than the previous case of
184% (Figure 9). This example demonstrates that not only the fracture orientation, but
also the connectivity of fractures are important in controlling the anisotropy of fracture
permeability.
CONCLUSIONS
In this study, we have developed an effective finite difference algorithm for modeling
fluid flow in arbitrarily heterogeneous porous media. We have shown that Darcy's
law is valid fbr any heterogeneous and anisotropic distributions of permeability. The
254 Zhao and Toksoz
flow is not sensitive to the roughness of the distribution, but may be affected by the
lineation in the permeability distribution. However, due to the presence of background
permeability, the lineation of highly permeable regions and less permeable surroundings
does not result in anisotropy of an order of magnitude. Nevertheless, in cases of aligned
fractures where the background permeability is small, such significant anisotropy does
exist for well connected aligned fractures. The anisotropy will be decreased as fracture
connectivity decreases.
It is straightforward to generate the finite difference modeling to the fully anisotropic
case. We will perform this calculation in the research that follows. It is interesting to
compare the anisotropic solution and the solution for the anisotropic permeability distri-
bution. In addition, since some laboratory measurements are the response of the porous
media to preesure transients to characterize rock heterogeneities (Kamath et al., 1990),
the finite difference code for the diffusion equation (Eq. 3) can be developed to study
the effects of heterogeneities and arusotropy on the time-dependent flow properties.
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Figure 1: (a). Finite difference grids for the simple iteration. (b). Finite difference grids
for Gauss-Seidel iteration. In both (a) and (b), open circles denote current step and
open squares denote previous step.
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Figure 2: Examples of 2-D correlation function (Gaussian) used to generate hetero-
geneities. (a) isotropic case (correlation length a = 10). (b) anisotropic case (the
two correlation lengths are at = 20, and a2 = 4. The angle of alignment is () = 45°).
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Figure 3: (a) and (c): Isotropic distributions of a(x,y) generated by Gaussian (a) and
Fractal (c) correlation functions. In both cases the correlation length is the same.
(b) and (d): the simulated flow field for the Gaussian (b) and fractal (d) cases. The
flow vectors are normalized by the maximum amplitude.
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Figure 4: Flow versus pressure gradient for the Gaussian (solid) and fractal (dashed)
distributions shown in Figures 3a and 3c. The slope of the lines gives the average
permeability k of the medium. In the both cases, the k values are very close. The
permeability difference is only 1%.
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Figure 5: Same as Figure 4, but now the ratio of correlation length to the model length
is increases. In (a) the ratio is about 0.047, in (b) it is 0.078. The fractal distribution
has a higher k value than the Gaussian when correlation length is increased. The
differences are about 4% in (a) and 9% in (b).
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Figure 6: (a), (c), and (e): aligned distributions with (j = 0° (a), 45° (c), and 90°
(e) calculated using Gaussian correlation functions. The two correlation lengths are
at = 20, a2 = 2. Model lengths are Xo = Yo = 128. (b), (d), and (f): calculated flow
fields for (j = 0° (b), 45° (d), 900 (f).
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Figure 7-: Average flow q versus angle of alignment for the cases of Figure 6. The case
of isotropic Gaussian (a = 20) is also plotted for comparison (solid line). Although
permeability anisotropy is present, its magnitude is only about 10%.
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Figure 8: (a), (c), and (e): aligned fracture permeability distributions with IJ = 00 (a),
450 (c), and 900 (e). The correlation lengths and model lengths are the same as in
Figure 6. (b), (d), and (f): calculated flow for IJ = OO(b), 450 (d), 900 (f).
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Figure 9: Average flow vs. (J for the case of Figure 8. In the case of aligned fractures,
Ii can have order of magnitude difference between (J = 0° and (J = 90°, resulting in
significant anisotropy (about 184%).
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Figure 10: Same as Figure 8, but now the correlation lengths are reduced to al = 5 and
a2 = 1. In this way, the connectivity of fractures is reduced.
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Figure 11: Average flow vs. B for the case of Figure 10. Compared with Figure 9, the
degree of anisotropy is reduced with reduction of the connectivity of fractures. The
permeability difference between B = 0° and B = 90° is about 87%.
270 Zhao and Toksoz
